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1. INTRODUCTION 
     In case of machine tools, robots and machineries, 
solid square bars are frequently subjected to the 
combined bending and torsional load. Variation of the 
deformation as well as stiffness of the solid square bar 
under such type of loading is different from that of the 
shaft. When a shaft is subjected to above mentioned type 
of loading, maximum stresses occur at the outer 
circumference and the entire outermost surface first goes 
to inelastic state from the elastic state, and with the 
increase of the load, this inelastic region increases 
approaching towards the center. But in case of the solid 
square bar, maximum stresses concentrate at some 
localized points at the outermost surface and these points 
first go to inelastic state from elastic state, and with the 
increase of the load, these inelastic regions increase in 
volume approaching towards the center.  
     In most cases, thin walled specimens have been used 
to investigate combined bending and torsion loading 
[1-5]. Bathe and Wieser [6] have conducted theoretical 
investigations regarding the biaxial bending and torsion 
of channel section whereas Pi and Trahair [7] have 
conducted theoretical investigations regarding the biaxial 
bending and torsion of I-beam. Pi and Trahair have 
conducted their research to develop a theory considering 
material inelasticity based on incremental theory of 
plasticity using the von-Mises yield criteria. Zhao and 
Hancock [8] have researched with square and rectangular 
hollow section bar to investigate the effect of the bearing 

length on the failure loads in case of combined loading. 
However, experimental works regarding the material 
behavior of solid bars under combined loadings are very 
few. Maruyama and Nakagowa [9], Newnham, et al [10], 
Chapman, et al [11], Hagiwara, et al [12] and Hariri [13] 
have carried out experimental investigations on the 
behavior of the bolted joints (i.e., solid bar) in 
elastic-plastic region. Recently, Ali [14] has carried out 
experimental investigation regarding the behavior of the 
solid rod of BS 2874-C120 copper under combined 
loading within the elastic-plastic region. Here he 
considered torsion and tension loading of the circular rod. 
In the current investigation, material behavior of the 
solid square bar under combined bending and torsion 
loading within the inelastic region is presented. For that 
purpose a series of tests has been carried out using a 
newly designed test rig, where bending and torsional 
loadings are applied non-proportionally.  
 
2. EXPERIMENTAL PROGRAMME 
2.1 Experimental Setup 
     A test rig along with the auxiliary components/parts 
was designed and fabricated to perform the current 
experimental investigation, which is shown in Figure 1. 
This apparatus with its different features extended the 
range of experiments to cover virtually all requirements 
necessary to apply pure bending, pure torsion and 
combined bending and torsion loadings. Its basic units 
provide facilities for supporting horizontal bars on fixed 
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supports, to apply loads, and also to measure beam 
deflections and twisting angles.  
 
 

 
 

Figure 1: Isometric view of the test rig 
 
2.2 Experimental Procedure and Specimen 
Selection 
     At first the specimen was inserted in the loading 
wheel so that the wheel was firmly placed at the midspan 
of the specimen. The test specimen with the loading 
wheel was then placed on base plates, and the two ends of 
the specimen were firmly clamped with the help of 
clamping plates and bolts. Then loads were applied to the 
specimen with the help of a hydraulic jack and dead 
weights. Figures 2 (a)- (d) show loading arrangements of 
the loading wheel for different types of combined 
loading. In the first type of non-proportional loading, the 
initial torques were maintained at 25%, 50% and 75% of 
the yield torque at pure torsion. In the second type of 
non-proportional loading, the initial moments were 25%, 
50% and 75% of yield bending moment at pure bending.  
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Figure 2. (a) Loading pattern of Pure Bending. (b) 
Loading pattern of Pure Torsion. (c) Loading 
pattern of combined loading with initial constant 
torque and different level of bending moment. (d) 
Loading pattern of combined loading with initial 
constant bending moment and different levels of 
torque. 

     8mm × 8mm bar of length 700 mm was used as the 
test specimen. The material of the specimen was mild 
steel with 0.15 % carbon. All the specimens were made 
as received material. 

 
3 RESULTS AND DISCUSSION 
     Figure 3 shows the variation of the bending loads with 
the midpoint deflections of the beam. From this figure it 
is seen that whatever is the level of the initial constant 
torque, the initial slopes of the bending load versus 
deflection curves are nearly same and the yield bending 
loads decrease with the increase of initial torques. Figure 
4 depicts the variation of the tangent modulus of the 
material with the midpoint defection the bar investigated. 
From figure 4 it is seen that up to the yield points the 
corresponding slopes are constant and their values are 
nearly same, but there is a drastic change just after the 
yield point. It is further observed that at 1.50δy, 2.00δy 
and 2.50δy (δy is the yield deflection), the values of the 
corresponding tangent modulus of elasticity are higher 
for the lower values of the initial torques, which is shown 
in figure 5. This means, strain hardening is more 
noticeable in case of the lower value of the initially 
applied torque. Similarly, variation of the torsional load 
with the angle of twist of the beam is shown in Figure 6. 
From this figure it is found that whatever is the level of 
initially applied constant bending moment, the initial 
slopes of the torsional load versus angle of twist curves 
are nearly same and yield torsional loads decrease with 
the increase of initial bending moment. From figure 7 it 
is seen that, up to the yield points the slopes are constant 
and their values are nearly same, but there is a drastic 
change just after the yield point. It is further observed 
that at 1.25θy, 1.50θy and 2.00θy (θy is the yield angle of 
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twist), the values of the corresponding tangent modulus 
of rigidity are higher for the lower values of the initial 
bending moment, which is shown in Figure 8. This 
means, strain hardening was more noticeable in case of 
lower values of the initially applied constant bending 
loads. 

 

 
 
 

Figure 5: Variation of the tangent modulus of elasticity at 1.5, 2, and
2.5  times of the corresponding yield deflection for different levels of
initially applied constant torsional loads
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4. CONCLUSIONS 
     The following conclusions can be drawn from the 
present investigation: 

 
1. Whatever be the level of initial torque or 

bending moment, the initial slopes of the 
bending load versus midpoint deflection curves 
as well as torsional load versus angle of twist 
curves are similar to those of pure bending and 
pure torsion curves respectively, i.e., modulus 

Figure 3: Bending load versus midpoint deflection curves for different 
levels of initially applied constant torsional loads
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Figure 6: Torsional load versus angle of twist curves for differen
levels of initially applied constant bending loads
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Figure 7: Variation of the tangent modulus of rigidity with respect
the angle of twist for different levels of initially applied constant
bending loads
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Figure 8: Variation of the tangent modulus of rigidity at 1.25, 1.5, and 2 
times of the corresponding yield angle of twist for different levels of initially 
applied constant bending loads 
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Figure 4: Variation of the tangent modulus of  elasticity  with
respect to  the midpoint deflection for different levels of initially
applied constant torsional loads (Non-proportional loading)
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of elasticity and modulus of rigidity are nearly 
constant for all levels of initially applied 
constant bending moment and torque 
respectively. Hence, stiffness of the material 
remains unaffected in the elastic region for the 
all levels of initially applied constant bending 
moment or torque. 

2. Whatever be the level of initially applied 
constant torque, tangent modulus of elasticity 
beyond the yield point steadily decreases with 
the increase of load, and at the same 
corresponding deflection its value is higher for 
the lower level of initial torque. Similarly, 
whatever be the level of initially applied 
constant bending moment, tangent modulus of 
rigidity beyond the yield point steadily 
decreases with the increase of load, and at the 
same corresponding angle of twist, its value is 
higher for the lower level of initial bending 
moment. The above concludes that in the 
inelastic region the magnitudes of the stiffness 
and strain hardening are comparatively higher 
for the lower values of the initially applied 
constant bending moment and torque 
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